A rarefied gas is considered in a channel consisting of two infinite parallel plates between which an evenly spaced array of smaller plates is arranged normal to the channel direction. Each of these smaller plates is assumed to possess one ideally specularly reflective and one ideally diffusively reflective side. When the temperature of the small plates differs from the temperature of the sidewalls of the channel, these boundary conditions result in a temperature profile around the edges of each small plate which breaks the reflection symmetry along the channel direction. This in turn results in a force on each plate and a net gas flow along the channel. The situation is analysed numerically using the direct simulation Monte Carlo (DSMC) method and compared with analytical results where available. The influence of the ideally specularly reflective wall is assessed by comparing with simulations using a finite accommodation coefficient at the corresponding wall. The configuration bears some similarity with a Crookes radiometer, where a non-symmetric temperature profile at the radiometer vanes is generated by different temperatures on each side of the vane, resulting in a motion of the rotor. The described principle may find applications in pumping gas on small scales driven by temperature gradients.
I. INTRODUCTION
The objective of this paper is to demonstrate and clarify some aspects of thermally induced gas flows beyond the continuum regime when the temperature profile is shaped essentially by wall segments with high specular reflectivity. This refers to situations where the mean free path of the gas molecules becomes comparable to or larger than a characteristic length scale W of the geometry, such as the width of a channel or the diameter of an object placed in the gas. The Knudsen number Kn= /W thus becomes a suitable measure of the rarefaction of the gas. Deviations from the continuum regime start to become important at Kn 0.01, such that the Navier-Stokes-Fourier set of transport equations has to be supplemented by temperature-jump and velocity-slip boundary conditions [1, 2] within the slip flow regime (0.01 Kn 0.1), or replaced by an alternative description, such as the Boltzmann equation [2] [3] [4] , in particular within the transition flow regime (0.1 Kn 10) and the collisionless or free molecular regime (Kn 10). When a non-homogeneous temperature field is present in the gas, usually imposed by boundary conditions at walls, a gas flow can be induced, accompanied by forces on the boundaries. Classic examples are the thermophoresis of particles in a temperature gradient [5, 6] , the Crookes radiometer [7] [8] [9] and thermal transpiration through a porous material with an applied temperature gradient [8, 10] . To this day these phenomena have not lost their attraction and inspire new implementations utilizing similar setups, as well as providing theoretical insight into thermally driven gas flows.
One example is the development of Knudsen pumps or compressors which have received a renewed interest with the advent of micro-mechanical systems and the associated microfabrication technologies. Optimal performance of these devices is typically reached somewhere between the slip and transition flow regimes, such that reduced length scales allows operating them at atmospheric conditions. At such small scales Knudsen pumps are particularly appealing due to their lack of moving parts, since the gas actuation is due to thermal gradients along a channel with gas flowing from a colder to a warmer region. Practically implementable designs can be accomplished based on a periodic temperature profile along the walls of a channel [11] [12] [13] , or by inducing thermal edge flow at an array of heated plates stacked within a channel [14] . An alternative implementation was recently proposed by Donkov et al. [15] , where the gas flow is induced between surfaces held at different temperatures. Here, one of the surfaces is considered to be structured in a ratchet pattern, with the inclined face of the ratchet reflecting gas molecules specularly, while the rest of the boundary reflects diffusely. A similar implementation relying on a purely diffusely reflecting ratchet geometry was proposed by Würger [16] and analyzed further in [17] [18] [19] .
Over the years the Crookes radiometer, often referred to as light mill, has served mainly as a demonstration object and as a testing ground for the theoretical understanding of rarefied gas flow in its different regimes of Kn numbers. After its discovery and the initial proposal for its operating principle by Reynolds [8] and Maxwell [9] , it received a flurry of attention both experimentally and theoretically in the 1920s, mostly within the German literature put forward by the likes of Westphal [20] , Einstein [21] , Hettner [22] , Sexl [23] , Epstein [24] and Knudsen [25] . See [26] for an overview. In this period the close relation between the Crookes radiometer and thermophoresis of particles was pointed out [21, 23, 24] , and we will later review these arguments inasmuch they pertain to the situation considered here. Similarly, the close relation between thermal transpiration in Knudsen pumps and the Crookes radiometer was already pointed out by Reynolds [8] and has recently led to alternative forms of the light mill [27, 28] . Conversely, Taguchi and Aoki [29] considered the situation where vanes similar to the ones of a light mill are stacked in a channel with their planes normal to the channel direction. When one side of each vane is heated, for example by illumination as in Crookes' original design, a gas flow around the edge of the vane is induced such that holding the vanes fixed leads to a net gas flow along the channel.
In most studies walls are considered as diffusely reflecting, and temperature gradients are imposed by walls of different temperatures in close proximity, as in the case of the Crookes radiometer with vanes having a hot and a cold side. A wall where a significant part of the impinging gas molecules does not thermalize is often considered detrimental for the operation. In this paper we investigate a situation where temperature gradients are influenced by the presence of specularly reflecting walls in an essential way. Specifically, we consider the situation sketched in figure 1a , where a series of vanes are placed inside of a channel, similar to the geometry discussed by Taguchi and Aoki [29] . Here, however, one side of each vane is considered to be ideally specularly reflecting, and a temperature difference between the diffusely reflecting side of the vane, held at temperature T 1 , and the sidewall of the channel, at temperature T 2 , is imposed. We will consider the vanes as fixed, thus studying the setup as a Knudsen pump. However, a similarly operated Crookes radiometer is conceivable as well. Indeed, experimentally the force on a Crookes radiometer is often quantified by operating it as a torsion balance, with the vanes suspended on a thread and measuring the deflection in a stationary state.
At first sight, studying specular surfaces may seem artificial, since it has been found experimentally that diffuse reflection represents a reasonable approximation for many surfaces, corresponding to tangential momentum accommodation coefficients not too far away from 1. However, there is clear experimental evidence that special surfaces expose accommodation coefficients much smaller than 1. For example, values between 0.1 and 0.4 have been recently reported [30] [31] [32] [33] [34] [35] [36] [37] . Therefore, the scenario considered in this paper is certainly not a standard case in terms of molecule-wall interactions, but refers to pumping principles that could become feasible with special tailor-made materials. In order to assess the influence of the ideally specularly reflective wall we will compare with simulations based on a finite accommodation coefficient at the corresponding wall.
In the following we start by considering in section II the proposed Knudsen pump with mixed specular and diffuse walls in the collisionless regime. Here, exact expressions for the forces on all boundaries can be obtained. These serve as validation of and for comparison with the numerical results obtained via Direct Simulation Monte Carlo (DSMC) in section III, spanning the slip flow and transition flow regimes. In section IV, the results for the normal force on the vanes are qualitatively explained along the lines of an argument put forward by Einstein, extended spec. to the range of Kn numbers considered. Section V is dedicated to the velocity field and mass transport along the channel. Additionally, the ideal condition of vanishing accommodation on one vane-face is relaxed. We close with concluding remarks in the final section VI.
II. COLLISIONLESS REGIME
To start with, we consider the collisionless regime, since here an analytical expression can be obtained for the force on the upper or lower wall and vanes, respectively. The force calculation proceeds along the lines of Donkov et al. [15] . The force density at position r s on a wall is
where the integral is over all values of c∈R 3 , and n is the unit normal on the wall, pointing into the gas phase. The phase space density for particles leaving a diffuse wall, i.e. when n · c > 0, is f (r s , c) = n(β/π) 3/2 e −βc 2 , where β = m/(2k B T ) is determined by the temperature T of the wall, and the particle number density, n = 2 √ πβν, is determined by the particle flux density, ν, (number of molecules impinging per unit time and unit area on the surface) as well as the temperature of the diffuse wall. Note that in the collisionless regime ν is constant on all walls (cf. Sone [2] , section 2.5.1, or Hardt et al. [38] ). At a specular wall, the phase space density obeys the symmetry relation f (r s , c) = f (r s , c−2c·n), directly linking the distributions for impinging and reflected particles. The phase space density for particles impinging at r s is obtained by tracing backwards along the particle trajectories, if necessary taking into account specular reflections, until a diffuse wall with known phase space distribution is reached.
With these prerequisites, the average force density on the upper wall can be calculated; owing to the mirror symmetry of the model, the force density on the lower wall is obtained by mirror reflection. The calculation is simplified by noting that from the vantage point of any position within the grey area in figure 1a the upper diffuse wall looks completely homogeneous, since all particles originating from this wall have the same phase space distribution irrespective of the viewing angle. Thus the particle number, momentum or energy fluxes entering the grey area from above will be the same irrespective of the distance of the top wall from the vanes. The same is obviously also true for the fluxes leaving the grey area towards the top wall. Therefore, the analysis can be performed in the special case where W =H, such that only a single unit cell has to be considered. This is illustrated in figure 1b , where the grey area of figure 1a corresponds to the respective region in the upper left quadrant. By symmetry at the channel centre line and due to the specular side of the vane, illustrated by the horizontal and vertical dotted lines, respectively, we can extend the region of interest to one bounded by diffuse walls only, where consequently the phase space density of the outgoing particles is known. The mean momentum flux towards and away from the upper wall can thus be obtained by averaging the local force density, eq. (1), on the original section of this wall bounding the grey area. In particular, the average tangential force per area on the upper wall is
where we have introduced the characteristic velocityc i = 1/ √ β i = 2k B T i /m of diffusely reflected molecules from a wall at temperature T i . The limiting values for the expression in square brackets are 0 and -1 for L/H → 0 and ∞, respectively, and the values remain within these limits for intermediary values of L/H. The tangential force density vanishes for L/H → 0 and ∞ and becomes extremal at L/H ≈ 2.62. We note that due to conservation of momentum a force of equal magnitude opposite to that on the sidewalls must act on the vanes, such that the corresponding average force density on a vane in x-direction isF x vane = −(L/H)τ xy | side .
Similarly, the average normal force per area on the upper wall is
The limiting values for the expression in square brackets are 0 and 1 for L/H → 0 and ∞ respectively. The ratio between tangential and normal forces is independent of the particle flux density ν as well as the particle mass and becomes solely a function of the geometrical parameters and the wall temperatures. As shown by the solid line on the left panel of figure 2 , the force ratio vanishes for large and small values of H/L with an extremum at H/L ≈ 0.4. In the next section we compare this result with numerical values obtained for finite Knudsen numbers. Since the net gas velocity vanishes identically in the collisionless regime [2] , obviously no mass transport takes place along the channel in this situation. Nevertheless, it is plausible that the net transfer of momentum in channel direction from the vanes to the walls results in a corresponding net mass flux as collisions between molecules become more prominent.
III. FINITE Kn NUMBERS
The Direct Simulation Monte Carlo Method [39] (DSMC) is a particle-based scheme for solving the Boltzmann equation for the phase space density in a rarefied gas, where particle collisions are introduced probabilistically. We use an implementation of the method in dsmcFoamStrath [40] [41] [42] within the framework of openFOAM [43] , version 2.3.x, relying on its capabilities of Lagrangian particle tracking. The simulation domain is one unit cell in figure 1a with W/L = 3.2 and variable H/L. The vane is located in the middle of each unit cell which has cyclic boundary conditions at the left and right sides and a symmetry boundary condition at the bottom, representing the channel centreline. This domain is discretized into 100×300 sample cells, and the simulations are initialized such that on average 40 DSMC particles are located within each cell. During the simulation each of the cells is locally adapted to collision subcells using the transient adaptive subcell (TAS) feature of the dsmcFoamStrath solver, in a manner that the number of subcells depends on the local cell's number density [44] . The time step ∆t is chosen such that /(c 1 ∆t)≥10 (except for Kn=0.005, where /(c 1 ∆t) = 5). Each configuration was run for at least 10 6 timesteps, where typically more timesteps were allotted to runs with lower Kn number.
For all simulations we assume that the temperature of the sidewalls is twice the temperature of the vanes, T 2 =2T 1 , where the temperature scale was set to T 1 =300 K. We define the Knudsen number as Kn= /W , where the mean free path =( √ 2n 0 πd 2 ) −1 depends on the particle diameter and the mean particle number density n 0 . For the DSMC simulations the variable hard sphere binary collision model with the Larsen-Borgnakke model for rotational internal energy redistribution [45] is used to model collisions between molecules. We assume nitrogen with a diameter d=4.17·10
−10 m, a viscosity temperature index of ω=0.74, a reference temperature of T ref =273 K, and a mass of m=46.5·10
−27 kg. We use the usual definitions of the particle number density,
, which is split into a diagonal and a traceless part via p ij (r) = p(r)δ ij + τ ij (r), with the pressure p(r) = (1/3) i p ii (r) and the shear stress tensor τ ij (r). The temperature obeys the ideal gas equation of state p(r) = n(r)k B T (r), where k B is the Boltzmann constant. The net mass flow along the channel is the integralṁ = m n(r)u x (r)dA over the cross section of the channel. For normalization we introduce T 0 ≡T 1 as the temperature scale andc 0 ≡c 1 = 2k B T 1 /m as the velocity scale, i.e. values based on the temperature at the vane. Similarly, we introduce the density scale n 0 as the average density corresponding to the respective Knudsen number. The corresponding pressure scale is p 0 = n 0 k B T 0 , used for normalizing the pressure and shear stress tensors. The mass flow along the channel is normalized witḣ m 0 = Amn 0 c 0 , where A is the full cross-sectional area of the channel. For integrated quantities such as the mass flow or area-averaged force densities, the numerical error is estimated as the standard deviation from at least three consecutive runs. For all such quantities presented in the figures within this work the error is smaller than the size of the symbols, and thus no error bars are plotted.
The method is validated in the collisionless regime to assess its accuracy. The absolute value of the ratio of the tangential and normal force on the sidewall of the channel is shown in the left part of figure 2 for different values of H/L. Since T 2 > T 1 , the force on the sidewalls is towards the left, cf. eq. (2). Correspondingly, the force on the vanes is towards the right in this situation. As can be seen, the agreement between DSMC and analytical results is excellent. For decreasing Kn number, the ratio of tangential and normal force decreases but the functional form with respect to H/L remains similar to the collisionless case up to Kn≈1. Experiments are conveniently done in a fixed geometry by adjusting Kn via the gas pressure, and this decrease inτ xy /p yy is largely due to the increased pressure for small values of the mean free path. To directly compare forces measured at different Kn in such an experiment it is thus preferable to use a reference pressure which is independent of Kn. This is illustrated in the right panel of figure 2 , where the pressurep 0 =p 0 Kn was used as reference scale. As can be seen, within the transition flow regime down to Kn 0.1 the tangential force on the sidewall increases with increasing pressure. Its form as a function of H/W also changes from its single maximum at large Kn, attained for relatively small vanes. For smaller Kn, this maximum appears to migrate towards smaller values of H/W , while a secondary maximum appears for vanes occupying a large part of the channel due to an increased temperature gradient between vane and sidewall, as the intermediary gap shrinks with increasing H/W .
Before delving further into the dependence of the force on Kn, we show isolines of temperature and pressure as well as streamlines in figures 3, 4 and 8 for H/W =0.5 and H/L=1.6 at various Kn. In figure 3 we observe that the pattern of temperature isolines at the tip of the vane is not radically different for the different Knudsen numbers. It is apparent, however, that the temperature gradient at the tip of the vane becomes more and more pronounced for smaller Knudsen numbers. Of course one has to keep in mind that particularly for Kn>1 the phase space distribution function is very different from an isotropic Maxwell distribution described by the scalar quantities density and temperature, but has a strong direction dependence in the velocity. For all Knudsen numbers shown this is also reflected in the temperature jump between a diffuse wall and the adjacent gas, which becomes larger with increasing mean free path.
The pressure distribution, p/p 0 , around the vane is shown in figure 4 . At large Kn, the isobars follow roughly the same pattern as the isotherms. At Kn 0.1, however, some isobars originating from the tip of the vane curve back onto the diffuse side of the vane, and for lower Kn only the pressure in a small region extending a few mean free paths around the tip of the vane differs appreciably from its average value in the surroundings. This is an indication that for small Kn the main contribution to the net force is concentrated at the tip, extending only a few mean free paths along the vane. Note that the force on the vane is given by the integral of p xx along the vane. Due to the temperature gradient across the vane, the pressure tensor p ij is not isotropic, such that p xx =p yy . Therefore, p is not the only contribution to the force on the vane. This is investigated in figure 5 , where the difference in p (left) as well as p xx (right) between both sides of the vane is plotted as a function of the position along the vane. As can be seen, even for Kn as small as 0.1, the net force density does not vanish at the centre of the vane, and in this particular geometry also changes its sign, such that the gas pushes towards the left at the centre of the vane and to the right towards its edges. Only for smaller Kn, to a good approximation the net force density indeed vanishes everywhere except at the tip. Since the Knudsen number, Kn= /W , is based on the channel width, we have /H=0.02 at Kn=0.01 and W =2H, such that the width of the edge zone is roughly 5 in this case.
In the left panel of figure 6 we plot the normalized mean shear stress, −τ xy /p 0 , on the channel walls as a function of Kn. We remind the reader that due to momentum conservation the mean force per unit area on the vane isF x | vane = −(L/H)τ xy | side . Evidently,τ xy /p 0 tends to a constant for large Kn, while for small Kn it scales as ∼Kn 1.5 . Since in a typical experiment Kn is varied by changing the pressure, p 0 ∼Kn −1 , the force density on the vane thus scales as F x ∼Kn 0.5 for small Kn and ∼Kn −1 for large Kn, and becomes extremal for Kn between 0.01 and 0.1. This is illustrated in figure 6 on the right, where we again use the reference pressurê p 0 = p 0 Kn. Note that this scaling of the force with Kn agrees with results obtained for purely diffuse plates with sides held at different temperatures [46, 47] .
Before turning to the performance of the setup as a pump, we give a qualitative explanation for the magnitude of the force as a function of Kn in the next section.
IV. SCALING ANALYSIS
In figure 3 we saw that the specular-diffuse plate introduces a strongly asymmetric temperature profile around the edge of the vane which leads to a net normal stress on the vane. To discuss such normal stresses on an object in a temperature gradient in rarefied gases, we consider a simplified geometry shown in figure 7 , where a small plate is located midway between two plates of infinite extent at different temperatures. Although not strictly necessary for the argument, consider for the moment the case where the small plate's temperature is midway between the temperatures of the two plates and that the plate's sides are either purely diffusely or specularly reflecting. Due to the temperature gradient over the plate, on average the right side is hit by slightly faster molecules than the left side. The incoming gas molecules thus impart a net FIG. 7. Sketch of a plate inserted in the space between two plates at temperatures T−L and T+L respectively. For T−L < T+L, due to the net heat flux towards the left, molecules impinging onto the plate from the right carry a larger momentum than molecules from the left, leading to a net force on the plate towards the left normal to the face of the plate. If the plate is stationary, a corresponding gas flow around the plate edges towards the right is induced (from cold to hot). momentum in −x-direction onto the plate from the hotter to the colder side. Similarly, unless both sides of the plate are diffusely reflecting at the same temperature, on average the reflected particles contribute a normal force on the plate that is again larger on the hotter side. By momentum conservation an opposite force of equal magnitude is imparted onto the reflected gas molecules by the plate. Note that without the small plate, the gas phase would be at rest.
The magnitude of this force can be estimated as follows, loosely following an argument by Einstein [21] . Molecules arriving from the right and left side of the plate will have a characteristic molecular velocity along the x-axisc ± = 2k B T ± /m depending on the temperature at the position one mean free path away from the plate, as indicated by the corresponding subscript and sketched in figure 7 . For situations where the gas velocity is much smaller than the characteristic molecular velocity, i.e. low Mach number, the molecular flux of particles from the right towards the edge of the plate is thus approximately 1 /2 n + c + , where n + is the number density one mean free path to the right of the edge, and we have assumed that half of the particles originating from that position move to the left with a characteristic velocityc + in x-direction. If no plate were present, this flux must be compensated by a corresponding flux 1 /2 n − c − of molecules from the left, and we assume this relation to hold approximately also at the edge of the plate, at least within a region of size . Therefore, n + c + ≈n − c − , which we abbreviate as nc. The corresponding flux of x-momentum carried in x-direction by these particles is thus ( 1 /2 n ± c ± ) (mc ±l ) ≈ 1 /2 ncmc ±l . Since they hit opposite sides of the plate they impart a net force per unit area of
on the plate in x-direction, wherec = 2k B T /m was used to convert between the molecular velocity scale and the temperature. We stress that the derivative should be regarded as a shorthand for the normalized difference of properties approximately one mean free path to the left and right of the plate.
Apart from a factor of 1/2, equation (4) agrees with Einstein's 1924 estimate. Of course the total force on the plate is governed by both the momentum flux of particles impinging on and reflected from the surface. However, when both sides of the plate reflect diffusely at the same temperature the contribution of the reflected particles on both sides of the plate cancel (since the particle flux is equal) and for a purely specularly reflecting plate the reflected particles contribute with an equal magnitude as the impinging ones, since the normal component of the velocity of the impinging particles is reversed.
We thus stress that irrespective of the boundary condition at the wall there is a normal force on the plate as long as there is a temperature gradient normal to the plate. The boundary condition on the plate itself may be the origin of this temperature gradient, for example when the accommodation coefficient or wall temperature differs on opposite sides of the plate. However, the temperature gradient is usually also affected by the boundary conditions far away from the plate. Furthermore, the accommodation coefficient influences the magnitude of the force via the momentum transferred by the recoil of the reflected molecules.
Equation (4) is an estimate of the force density within a region extending a distance of away from the edge of the plate. To find the force on the plate we consider three different regimes depending on the Knudsen number. To begin, we start in a regime where the density is so low that the mean free path becomes comparable to the size of the container the plate is embedded in. In this case the thermal velocity of the gas molecules is essentially governed by the temperature of the last diffuse wall (container boundary or plate) from which these molecules scatter. An appropriate estimate of the force density is obtained by replacing ∂ x T in eq. (4) with the temperature difference ∆T between the plate and the corresponding wall. The force is obtained by multiplying the force density with the plate area d 2 , such that F ∼−d 2 nk B ∆T , which in particular scales ∼n for small gas densities. Since the product n is a constant, this means that F ∼Kn −1 in this regime. This can be considered as the free molecular regime discussed in section II.
Next, consider a regime where is larger than the plate dimension d but smaller than the container dimension. In this case the temperature field in the gas is governed by continuum-scale convective-diffusive heat transport, apart from a region a distance ∼ away from the walls, and (4) is an adequate approximation on the entire plate surface. Thus F ∼−d 2 k B n ∂ x T , which, since n is constant, is a regime where the force is approximately independent of the Knudsen number. This is essentially the regime considered for thermophoresis of small particles [21, 48, 49] .
Finally, when the mean free path becomes much smaller than the plate dimensions, we have to consider the fact that (4) is only valid at the edge of the plate. Unless the external setup is such that the system works as a pump, the pressures on both sides of the plate are equal, and viscous or thermal stresses in the gas are negligible away from the edges of the plate. Since only a region of the extension of the mean free path around the edge contributes, the force on the plate scales as F ∼ −dk B n 2 ∂ x T . In this regime, the force is thus expected to scale with ∂ x T . This is the regime considered for radiometer forces by Einstein. For constant ∂ x T the force scales like F ∼ n 2 ∼ Kn in this regime. However, while (4) can be rigorously corroborated for large and intermediate Kn as long as the molecular velocity distribution is dominated by boundary conditions far away from the plate, for low Kn the temperature profile may be strongly influenced by the presence of the plate. Similar to the scaling of thermal edge flow at the edge of a heated plate found by Sone and Yoshimoto [50] , one often finds a dependence closer to ∂ x T ∼Kn 1/2 within a region of size around the tip in the radiometer case as well, and the corresponding force-scaling becomes F ∼Kn 1/2 , cf. Taguchi and Aoki [46] . In the present case, an analogous scaling should be expected due to the similarity of the temperature field. Note that a similar scaling was employed by Wang et al. [19] in the context of thermally induced channel flow at the tips of ratchet teeth protruding into a channel.
In total, from the physical picture sketched above it can be inferred that the force on the plate has a maximum at an intermediate Kn number and drops off ∼Kn 0.5 and ∼Kn −1 for smaller and larger Kn, respectively. This is indeed what is observed in the simulation results shown in figure 6 , corroborating our reasoning.
The qualitative derivation of (4) is analogous to the explanation given for thermal creep flow along a wall with a tangential temperature gradient [2, 51] . Here, again molecules impinging onto the wall from a region of higher temperature impart a larger momentum than molecules originating from a colder region. In the case of a diffusely reflecting wall this leads to a net tangential force on the wall towards the colder region. Conversely, for a stationary wall a creep flow along the wall towards the warmer region is induced in the gas phase, described by the Maxwell slip boundary condition [2, 52] . In the present case of specular-diffuse vanes in a channel, since the corresponding force density is tangential to the boundary, it does not directly contribute to the net force on the vanes in channel direction, i.e. normal to the vanes. However, for a plate of finite thickness with a temperature gradient along its edge, this tangential force component can contribute directly to the force on the Crookes radiometer [22, 53, 54] .
V. PUMPING PERFORMANCE
Since the gas exerts a net force in x-direction on the vanes, an equal but opposite force acts on the reflected gas molecules due to the interaction. At finite Kn this leads to a net flow of the gas phase, as shown in figure 8 . Since the net force on the vane is towards the right, a net flow towards the left is induced in the gas. For Kn up to 0.1 the tip of the vane acts similar to a localized volume force density in its vicinity, driving the gas towards the left such that the flow pattern resembles a Couette flow in the region between the vanes and the channel wall. As the mean free path becomes of the same order of magnitude of the channel dimension, the details of the flow field are expected to be significantly influenced by boundary conditions farther away and not solely by the local temperature field at the edge of the vane. Indeed, for Kn=1 the flow field can be seen to become qualitatively different from the Couette like flow for lower Kn, with a vortex emanating from the specular side of the vane reaching into the channel. This vortex grows with the mean free path and at Kn=3 eventually fills the whole region between the vanes and the sidewalls of the channel. This change in flow pattern has interesting consequences for the mass flow along the channel shown in figure 9 (left side). While for small Kn the flow is in negative x-direction, for large Kn a net flow in the opposite direction is observed.
The magnitude of the net mass flux in the continuum regime can be estimated on the basis of the discussion of the forces on the vanes and sidewalls in section IV. Within a region of the size of one mean free path around the edge, momentum is exchanged between the vane and gas. At low Kn the effect of this is similar to that of localized momentum sources at the edges of the vanes, while the Stokes equation governs the velocity within the rest of the domain, resulting in a velocity profile similar to Couette flow within the open section of the channel. The velocity is thus expected to scale asū∼τ h/η, where τ is the shear rate at the side wall, h is a length scale of the order of the distance between the vane and side walls, and η is the mean viscosity. Since at moderate pressures the viscosity does not depend on pressure, the dependence of the velocity on Kn is the same as for the force on the vane and sidewall.
On the other extreme of very large Knudsen numbers, i.e. the collisionless regime, the gas velocity vanishes everywhere [2] . For large but finite Kn numbers we can imagine the phase space distribution function, f = f ∞ + δf , to become altered slightly relative to the collisionless distribution, f ∞ , by few collisions between the gas molecules. Since the collision probability for each molecule is proportional to the gas density, the relative change in phase space distribution, δf /f ∞ , and hence the mean gas velocity are expected to be proportional to the gas density, i.e. u/c 0 ∼ Kn −1 in this regime. Overall, the non-dimensionalized flow velocity and hence the non-dimensionalized mass flux are thus expected to scale ∼Kn 0.5 and ∼Kn −1 for small and large Kn, respectively. In order to capture both limits, the function g(Kn; a, b)=(a Kn −0.5 + b Kn) −1 was used in a least-squares fit for the positive data points on the left panel in figure 9 and plotted as a solid line. As can be seen, the function captures the dependence on Kn very well, corroborating our argument. However, we stress again that this can only be a crude approximation and not too much importance should be assigned to the quality of this fit, since as we have seen in particular for Kn>1 that the boundary conditions far away from the vane can lead to a qualitatively different flow field than at intermediate and small Kn. We briefly demonstrate this in appendix A, where the flow pattern and net mass flow at large Kn for vanes occupying different fractions H/W of the channel are discussed. Additionally, we show that significantly larger flow rates can be obtained by reducing the vane size. As shown in the right panel of figure 12 , in terms of an optimal geometry for a Knudsen pump, a vane of size H/W =0.1 performs at a roughly 5 times higher flow rate at Kn=0.1 compared to the case H/W =0.5 discussed so far.
So far we have considered the left sides of the vanes to be perfectly specularly reflective. In order to assess the impact of a departure from this idealized condition on the pumping performance, we relax this assumption and consider a situation where the left sides are characterized by a Maxwell-type boundary condition [2] with accommodation coefficient a between 0 (fully specular) and 1 (fully diffuse). For molecules reflected diffusely from these walls the temperature is set to T 1 , as on the right side of the vanes. The normalized mass flow in this situation is plotted as a function of a on the right panel of figure 9 . It is evident that even for a partially specular wall substantial mass flows are observed. However, since our focus was expressly on the impact of walls of high specular reflectivity we will not pursue this further here.
The pumping performance of the idealized pump studied here can be compared to other configurations described in the literature that are either geometrically similar or use a similar pumping mechanism for generating an inhomogeneous temperature profile along a channel. Although a direct comparison is difficult due to the different simulation parameters used in the studies, in particular with respect to the specific geometry and applied temperature range, a qualitative comparison is feasible, assuming linearity of the pumping performance with the temperature difference applied. In the geometrically similar configuration studied by Taguchi and Aoki [29] the temperature profile in the channel is generated by applying different temperatures on both sides of the vanes, considering fully diffuse reflection. In this set-up, the mass flow is slightly larger than in the present configuration, but of the same order of magnitude. The better performance of this configuration most likely stems from the larger temperature gradients at the tips of the vanes due to directly prescribing the temperatures instead of indirectly generating a temperature profile via a specular boundary. Wang et al. [19] considered a channel with one flat, diffusely reflecting wall and an opposing surface structured as a ratchet with parts of each ratchet tooth reflecting diffusely and parts fully specularly, similarly to the vanes considered here. The temperature profile in the channel is generated by prescribing different temperatures at the opposing walls. The mass flow obtained with this configuration is of the same order of magnitude as the one observed here. In a similar configuration, Chen et al. [18] used two opposing ratchet surfaces and considered several different reflection properties at the walls. In the situation where the opposing walls are fully diffusely reflecting, the mass flow rates obtained are 1-2 orders of magnitude smaller than in the present case. However, when using alternating diffuse and purely specular segments on each ratchet tooth, the mass flow rates obtained are again of the same order of magnitude as the ones in the present set-up.
VI. CONCLUSIONS
Maxwell [9] proposed a simple model for the gas-surface interaction that is intermediate between diffuse reflection and specular reflection, with an accommodation coefficient specifying the fraction of molecules reflected diffusely while the rest is reflected specularly. Due to its simplicity this model is widely used both in simulations as well as for characterizing experimental data, see the reviews of Agrawal and Prabhu [55] and Cao et al. [37] . Note that Knudsen [25] interpreted his experimental results on radiometric forces by invoking a difference in accomodation coefficients on opposite sides of a vane. In this paper our focus was on the impact of walls with low accommodation upon reflection of molecules, and we therefore considered the extreme cases of ideal diffuse and ideal specular reflection. Although most surfaces have accommodation coefficients not too far away from 1, we stress that this is not merely an academic exercise. Low values in the range of 0.1-0.4 have been obtained both experimentally and numerically for certain gas-surface combinations, opening the possibility of a customized patterning of surface reflectivities.
Specular reflection is often considered to be detrimental to thermally induced rarefied gas flows. Here we have shown that a specularly reflecting surface does not only shape the temperature profile in an essential way, but also argue that it contributes directly to flow over edges where a normal temperature gradient occurs. In particular, we have studied a Knudsen pump inspired by the Crookes radiometer with vanes placed into an inhomogeneous temperature field. Contrary to the Crookes radiometer, where the temperature gradient comes about by selectively heating one side of each vane (thus giving opposite sides different temperatures), in the present case the temperature field is shaped in an essential way by a specularly reflecting boundary on one side of the vane. The origin of the observed forces on the vanes and their dependence on the Knudsen number was discussed based on a simple argument by Einstein. As was pointed out already by Aoki et al. [51] , at low Kn numbers the corresponding flow across the vanes is essentially of the same kind as thermal creep flow along a wall with a tangential temperature gradient or thermal edge flow at a vane with a different temperature than its surroundings. As such, at low Kn it can be interpreted as a pure boundary effect, needed to reconcile the continuum field equations with the discontinuous phase space density at a wall. For the similar flow across the vane of a Crookes radiometer Taguchi and Aoki [29, 46] coined the term radiometric flow.
Utilizing specular walls in a Knudsen pump offers several advantages. In the present geometry, apart from shaping the temperature profile in an essential way, the specular walls do not themselves partake in the exchange of energy between the hot and cold sections of the domain. This may be advantageous for the efficiency of the pump. Furthermore, due to the large velocity slip at walls with low accommodation coefficients, the inclusion of such walls into a Knudsen pump potentially results in larger flow velocities due to reduced viscous dissipation in the system. However, in the current setup with vanes normal to the flow direction this will be a small effect, but should boost the performance in systems with slanted sidewalls such as ratchets [15, 18, 19] .
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All numerical calculations were done on the Lichtenberg high performance computer at the TU Darmstadt. E.R. is indebted to the DAAD (Deutscher Akademischer Austauschdienst) for financial support of his visit to Darmstadt. The authors would like to thank Tom Scanlon from the University of Strathclyde for providing access to the dsmcFoamStrath solver. Finally, we express our gratitude to Craig White from the University of Glasgow for sharing his expertise in dsmcFoamStrath. In section V we observed that for large Knudsen numbers the net mass flow direction can be opposite to the flow direction at small Kn. We identified the appearance of edge-vortices as the cause for this flow reversal. In order to further investigate the influence of the edge-vortex on the flow, we plot streamlines at Kn=3 for various values of H/W in figure 10 . Note that in each case the vortex occupies roughly equal amounts of the channel, such that it influences the net flow strongest for small gaps between vane and channel wall. Indeed, at Kn=3, the net flow is in opposite direction to the direction of force on the sidewalls only for H/W 0.4.
Note that even though the vortex appears on the specular side, it is not a feature exclusive to this boundary condition. When both sides of the vane have the same temperature and are fully diffuse, a symmetric flow pattern with two counter-rotating vortices appears above the vane, see figure 11 . Additionally, two smaller vortices appear on both sides of the vane. Note that at the edge the maximum velocity is parallel to the vane in the main vortices, while it is perpendicular to the vane in the two smaller ones. The forces and flow rates occurring for half-specular, half-diffuse vanes occupying different fractions of the channel are investigated in figure 12 . The left panel in this figure shows the ratio between tangential and normal force on the sidewall for various vane heights as a function of Kn. As can be seen, the curves all follow the general pattern observed in figure 6 , although the magnitudes may vary. Similarly, the normalized mass flow shown in the right part of figure 12 shows a similar dependence on Kn as in figure 9 for all values of H/W . Note, however, that for smaller vanes a significantly larger mass flow can be reached than for the base case H/W =0.5, considered in the main part of the paper. This is most likely due to the larger space between vanes and sidewalls. Also note that a mass flow in positive x-direction is only observed for large Kn numbers and large vanes, when the edge vortex discussed above in figure 10 occupies the whole width of the channel. 
